It is proved, with the help of a computer, that for m = 20 the first m minimal elements for the sequence of all powers in an integer-representing algorithm are given by y¡ = i, i = 1,2,3, yi+x = (y2 + (¡y¡ + l)/4, i -3, ... ,m-\. This extends an earlier result of the author (for m = 10).
Introduction
Let X = ax < a2 < ■ ■ ■ be an infinite strictly increasing sequence of positive integers. Let « be a positive integer. We write (1) n = a{x) + a{2) + -:-+ a{s),
where a^ is the greatest element of the sequence < n, a^2) is the greatest element < n -a(1), and, generally, a(l) is the greatest element < n -a(1) -fl(2)-#((-!)• This algorithm for additive representation of positive integers was introduced in 1969 by Kátai [2, 3, 4] . Lemoine had earlier considered the special cases a, = ik, k>2 [5, 6] , and a¡ = i(i + X)/2 [7] . (See [10, 11, 12, and 13] for further information and note also [1] .) The above algorithm is, in turn, a special case of a more general algorithm introduced by Nathanson [9] in 1975.
The following basic definitions and results are taken from [8 and 10] . We denote here the set of positive integers by N.
Let X = ax < a2 < ■ ■ ■ be an infinite strictly increasing sequence of positive integers with the first element equal to 1. We call it an A-sequence and denote by A the sequence itself or sometimes the set consisting of the elements of the sequence. We denote the number 5 of terms in (1) by h(n). If the set {n £ N | h(n) = m) is nonempty for some m £ N, we say that ym exists and define ym to be the smallest element of this set. Theorem 1 (Lord) . Let yk be given (k £ N). Then yk+x exists if and only if there exists a number n £ N such that an+x -an -X > yk. Furthermore, if yk+x exists, then yk+x = yk + am, where m is the smallest number in the set {n eN | an+x -an-X >yk}.
Proof. See If the ^-sequence is well behaved, then, using Theorem 1, it may be possible to determine all the elements of the y-sequence (see [10] for many examples). In particular, we have the following result (see [10, p. 20 Our purpose in this paper is to show how Theorem 4 can be established. In §2 we explain the method, and in §3 we illustrate the method by reestablishing Theorem 3. (No numerical details were given in [10] .) Finally, in §4, we indicate what kind of calculations are used in the extension of Theorem 3 to Theorem 4. We remark at this point that y2o is a number with 26681 digits.
The method
Let A : X = ax < a2 < ■•• be the ^-sequence of all powers and let Y: 1 -y\ < y2 < ••■ be its y-sequence. Let Y*: 1 = y\ < y2 < ■ ■■ be the y-sequence for the ¿1-sequence of squares (see Theorem 2) . We use Theorem 1 in the following Definition 1. Let k\,k2, ... be the sequence of positive integers defined by (3) yï+x=yî + kf, 1 = 1,2,.... Proof. This follows immediately from (3) and (2). D Definition 2. We let C(n) = {i £ N | k2 < a¡ < (kn + l)2}.
The following result forms the basis of our method: It follows easily from (2) and (3) that (6) y;+l=(kn + X)2-2 for«>3.
Therefore, B(n) c C(n) and the "if part follows from (5).
To prove the "only if part, we note that using (5) and (6), we only have to prove that, if n > 3, then (7) (kn + X)2-X i A. It follows that kn = 2 and n = 3, which contradicts our assumption n > 3. Therefore, (7) holds, and the proof is completed. D
Proof of Theorem 3
It is easy to see, by means of Theorem 1, that y i =y* = i for i = 1, 2, 3, y4 = y4 = 7, y5 = y5* = 23, y6 = y6* = 167.
We may therefore start using Theorem 6 with n = 6 . Using Theorem 6, we try to show that between certain consecutive squares there are no elements from the sequence A, that is, no higher powers. Obviously, it is enough to show that there are no powers with exponent p for p an odd prime. This we do by finding an integer x £ N such that (8) xp<k2 and (x + X)p > (kn + X)2.
With n fixed, we use the following notation:
For example, with n = 6, we have, from (4) To prove Theorem 3, we show that C(n) = 0 for « = 6,7,8, and 9. This will be seen from Tables 1, 2 , 3, and 4, respectively. There are three things to note in these tables:
1° . If the same x corresponds to two different primes px and p2 , px <Pi, then the same x also corresponds to any prime p, px < P < Pi-Therefore, any such prime may be suppressed from the table. For example, in Table 2 , p = X 9 is suppressed.
2°. If, for some prime p, we have x = X, then we can clearly stop. 3°. The only interesting thing about the numbers a and b from (9) in this connection is that they are positive. Therefore (except for Table 1) , only an approximation is given. (However, their exact values were calculated by the computer to check that they are indeed positive.) The proof of Theorem 4, that is, the proof that C(n) = 0 for n= 10,..., 19, is too long to be published in its entirety. To give some idea of the nature of calculations, we show, in Table 5 , the beginning and the end of the case C(19) = 0. To save space, only approximations for the numbers x are given in the first part of Table 5 . Those who look at Table 5 might like to know that the last prime p there, 88643, is the 8585th prime number. To eliminate errors, we used different languages (MACSYMA, LISP, Reduce, and Mathematica, all capable of handling integers exactly) as well as different computers (Sun 4/390 and VAX 8650 of the Centre for Scientific Computing and DECstation 3100 of the Physics Computation Unit). Only Mathematica, however, was used in the last two steps (C(18) = 0 and C(19) = 0).
Remark. Theorem 4 leaves open the question whether y" = y* for all n or whether there exists an integer n such that y" / y*. We consider the latter case to be more likely.
